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Abstract. The determination of the gravimetric geoid is
based on the magnitude of gravity observed at the
topographical surface and applied in two boundary
value problems of potential theory: the Dirichlet prob-
lem (for downward continuation of gravity anomalies
from the topography to the geoid) and the Stokes
problem (for transformation of gravity anomalies into
the disturbing gravity potential at the geoid). Since both
problems require involved functions to be harmonic
everywhere outside the geoid, proper reduction of
gravity must be applied. This contribution deals with
far-zone effects of the global terrain on gravity and the
geoid in the Stokes—Helmert scheme. A spherical
harmonic model of the global topography and a
Molodenskij-type spectral approach are used for a
derivation of suitable computational formulae. Numer-
ical results for a part of the Canadian Rocky Mountains
are presented to illustrate the significance of these effects
in precise (i.e. centimetre) geoid computations. Their
omission can be responsible for a long-frequency bias in
the geoid, especially over mountainous areas. Due to the
rough topography of the testing area, these numerical
values can be used as maximum global estimates of the
effects (maybe with the exception of the Himalayas).
This study is a continuation of efforts to model
adequately the topographical effects on gravity and the
geoid, especially of a comparing the effects of the planar
topographical plate and the spherical topographical
shell on gravity and the geoid [Vanicek, Novak, Mar-
tinec (2001) J Geod 75: 210-215].
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1 Introduction

Vanicek et al. (2001) discussed significant differences in
magnitude of the topographical effects on gravitational
potential and gravitational acceleration generated by an
infinite planar plate and a global spherical shell. This
manuscript was submitted separately because it focuses
on something quite different and only incidentally forms
a foundation for the present contribution. Two basic
conclusions of Vanicek et al.’s investigation, relevant for
this contribution, can be summarized as follows: al-
though the choice of either the plate or the shell does not
significantly effect the classical Bouguer reduction of
gravity, it has rather important consequences for the
harmonization of the Earth’s gravity field above the
geoid which disqualifies the plate model from its use in
precise geoid computations. The effects discussed in
Vanicek et al. (2001) represent an approximation of first
order which must be corrected for all deviations of the
actual topography from the spherical shell, referred to as
a terrain. In the following, we aim to discuss the
spherical terrain effects on gravity and the consequences
of their adoption for the geoid. When speaking about
the spherical model of topography (terrain), we really
mean the spherical approximation of the geoid from
which topographical masses are defined.

2 Topographical effects in the Stokes—Helmert scheme

The effect of topography in the context of the Stokes—
Helmert approach (Heck 1992; see also Vanicek and
Martinec 1994) is evaluated in terms of three separate
effects: the direct topographical effect (DTE) on gravity,
the primary indirect topographical effect (PITE) on the
geoid, and the secondary indirect topographical effect
(SITE) on gravity. These three topographical effects can
easily be defined using the Helmert disturbing gravity
potential 7", which is related to the disturbing gravity
potential 7 of the Earth’s gravity field as follows
[Martinec et al. 1993, Eq. (8)]:
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™(r,Q) = T(r,Q) — 6V'(r,Q) (1)

A triplet of the curvilinear coordinates (r, @, 1) = (r,Q)
defines a position of the computation point in the
geocentric spherical coordinate system. The parameter
6V is the residual topographical potential, which can be
defined as a sum of the potential of the Bouguer shell,
plus the potential of the terrain, minus the potential of
the condensed Bouguer shell, minus the potential of the
condensed terrain [Martinec 1998, Egs. (3.12) and
(3.26)]. Values of the function 7" at the geoid (approx-
imated in the following by the reference sphere of radius
R) are solved for in the Stokes—Helmert scheme.
The geoid N and the PITE on the geoid P can then be
derived from Eq. (1) by the spherical Bruns theorem as
follows:

T"(R,Q) + 6VY(R,Q) TM'R,Q
N(Q) = (R, Q) (R, Q) T )+P(Q) 2)
1 Y
where 7 is normal gravity at the reference ellipsoid.

Applying the negative radial derivative to Eq. (1), we
obtain the corresponding topographical effects on
gravity

2 61V (r, Q)
Lo ()

r

59" (r,Q) = 5g(r,Q) +

where symbols dg and dg" stand for gravity disturbances
defined in the real and the Helmert gravity fields. Since
gravity disturbances dg differ from gravity anomalies Ag
only by a vertical change of normal gravity along the
separation between the actual equipotential surface (real
or Helmert) and the equivalent normal equipotential
surface, we obtain for the spherical approximation of a
vertical gradient of normal gravity the following expres-
sion (Vanicek et al. 1999, Sect. 3):

= Ag(r,Q) +

0oV (r,Q)
+ -~ 7
or

Agh(r, Q)+ 1% Th(r7 Q) T(r,Q)

(4)

Equation (4) can easily be re-arranged using the DTE on
gravity, D, and the SITE on gravity, S,
AV(r,Q)
or
=Ag(r,Q) + S(r,Q) + D(r, Q) (5)

2
Agh(}", Q) = Ag(r, Q) +E5V1(r, Q) +

We will then discuss these three effects sequentially.

3 The direct topographical effect on gravity

The spherical form of the DTE was formulated by
Martinec and Vanicek (1994a). The DTE can be
evaluated as a sum of the effect of the Bouguer shell
AP, plus the effect of the terrain A%, minus the effect of
the condensed Bouguer shell 4°°, minus the effect of the
condensed terrain 4

DR+H,Q) =A"R+H,Q)+ AR+ H,Q)

—A®(R+H,Q) — AR+ H,Q) (6)

All terms in Eq. (6) are related to the topography of
the geocentric radius R + H, where H is the orthometric
height of topography. We will deal only with the two
terrain effects, A' and A4, as the other two effects were
discussed in Vanicek et al. (2001). Since the effects 4°
and A cancel each other if the mass conservation
scheme is used (Wichiencharoen 1982), the difference
D¥ = 4' — 4° called in the following the ‘direct
terrain effect’ (DTerE), accounts for the entire DTE
on gravity.

It was shown by Martinec and Vanicek (1994a) that
for the evaluation of this difference — they called it the
roughness term — it does not matter which of the con-
densation schemes is used. Different condensation
schemes were discussed by, for instance, Wichiencha-
roen (1982) (see also VanicCek et al. 2001). Here, the mass
conservation scheme only will be deployed. D' is then
given by the following formula (Martinec and Vanicek
1994a):

D (R+H,Q)

R+H(QY)

// or / 7 ¥ é)é a r= R+H(Q)dQ/

Qg E=R+H(Q

R+H(QY)
— Go! / / / £ de
Qo E=R+H(Q
« 2 gt (r,¥,R) do (7)
or r=R+H(Q)

Here, G stands for the universal gravitational constant,
ol is the mean topographical density, ¢ is the integration

parameter, and Qg is the full spatial angle. The
Newtonian integration kernel #~! in Eq. (7) is of the
form

&) = (P + & —2récosy) (8)

where  is a spherical distance between the geocentric
directions Q = (¢, 1) and Q' = (¢, ') which can easily
be computed by the law of cosines as follows:

cosy = cos @ cos @' + sin @ sin ¢’ cos(4 — ') 9)

We will now show that, contrary to our earlier belief, it
is not possible to stop integrating at a small value of the
cap radius (i.e. truncation of the integration domain Qg
to a spherical cap of radius ¥, equal to 1°, 3° or 5°). To
show this, we can evaluate each of the two integrals in
Eq. (7) in two parts: the integral over the spherical cap
of radius v, i.e. 0 < <y, (near-zone contribution),
and the integral over the rest of the world, i.e.
VY, <y <7 (far-zone contribution). The integral over
the near zone can clearly be evaluated from the available
DTM through a standard 2-D numerical integration



using the discretized form of the corresponding integrals
(e.g. by the Gaussian quadrature rule); see, for example,
Novak (2000). As this is a fairly standard procedure
(integration is replaced according to the mean-value
theorem by discrete summation), we will not discuss it
any further here. The far-zone contribution is a different
matter all together; it must be evaluated using a different
approach.

In order to obtain the far-zone contribution to the
first integral in Eq. (7), we expand the spatial form of
the integral

R+H(QY)

/ =

E=R+H(Q

Y, )& d¢ (10)
r=R+H(Q)
to its spectral form. This is done by means of the

technique introduced by Molodenskij et al. (1960),
which yields (see Appendix A)

nhl 2H(O nhl
270, | )1l B H(O) — g Ol ¥
n=0
1 nh2 H3
<) ey Dm0 >+@(R—;)]

(11)

For the far-zone contribution to the second integral in
Eq. (7), we obtain similarly (see Appendix A)

nhl

27'EGQ£, Z Wy (H7 lpa lpo)]—]n(Q)

n=0
nh2 3
+= E:Wffww)H%)+@G%ﬂ (12)

Coefficients ¢,, u,, v, and w, are the Molodenskij
truncation coefficients (weights) defined in Appendix A
[see Eqgs. (A14)—(A17)]. Zonal coefficients H, for the
spherical harmonic representation of heights in Egs. (11)
and (12) to their maximum available degree nil can be
computed from a global elevation model such as TUGS87
(Wieser 1987)

- zn: Hn,m Yn,m (Q)

m=—n

VYn=0,...,nhl (13)

and the corresponding coefficients H,% for squared
heights

= H,Ym(Q), Yn=0,...

m=—n

,nh2 (14)

Y,n stands for the Laplace spherical harmonics
(Heiskanen and Moritz 1967). Maximum degrees of
nhl = 180 and nh2 = 90 were used in our computations.

The far-zone contribution to the DTerE is given by
the difference of the series of Egs. (11) and (12)
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D'(R+ H,Q)

. nhl 2H(Q)
= 2nGy, (W ) Hy (Q) — —————=
nGe ;rww @ - 2 H@
nhl 1 nh2 X
n ) oHnQ +7 n 9 oHnQ
<D b MHO) + g @)
nhl nh2
_ZW,,HW> ——Zwmwmzm
w(];—:ﬂ Y gy >0 (15)

The terms of the order H, cancel eventually each other
after expanding H(Q) into a series form. The same
would apply to Egs. (21) and (26). For our test area
(see Fig. 1), selected to cover the most challenging part
of the Canadian Rocky Mountains, and for y, = 3°,
we obtain the numerical results shown in Fig. 2.
Clearly, in the mountains, the effect of the far zone is
very significant even for a relatively large near zone, so
that it certainly cannot be neglected. Our further
computations (not given here) have shown that the
far-zone effect is similarly significant for the whole
territory of Canada and cannot be neglected anywhere,
if an accurate geoid is to be computed. It must be
noted that the far-zone contribution is of a long-
wavelength character. Continuing these values down to
the geoid and applying Stokes’ integration, correspond-
ing effects on the geoid can be obtained (see Fig. 3).
The range of both values, including basic statistical
parameters (mean and standard deviation), is shown in
Tables 1 and 2.

Another spherical harmonic expression for the DTE
on gravity up to order H> was derived by Nahavandchi
and Sjoberg [1998, Eq. (20)], expanding the Newtonian
kernel into a series of Legendre polynomials. To
account for a near-zone terrain, a new formula, repre-
senting a compromise between the local integration and
the spherical harmonic expression was derived in Na-
havandchi [2000, Eq. (21)].

4 The primary indirect topographical effect on the geoid

The mathematical expression for the spherical form of
the PITE on the geoid was derived by Martinec and
VanicCek (1994b). This effect is merely a re-scaled value
(by normal gravity) of the residual topographical
potential evaluated at the reference sphere, see
Eq. (2). Following the same approach as that we
applied for the DTE, this effect can be evaluated as a
sum of the effect of the Bouguer shell P°, plus the effect
of the terrain P!, minus the effect of the condensed
Bouguer shell P®°, minus the effect of the condensed
terrain P
P(Q) = P°(Q) + PY(Q) — PP(Q) — P*(Q) (16)
All terms are related to the reference sphere of radius R
which approximates the geoid. The Bouguer shell effects
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Fig. 1. Spectral topography
(TUGS7) of the Canadian Rocky
Mountains (m)

Fig. 2. Far-zone direct terrain
effect on gravity D*' (mGal)

(PITerE). It is given by the following formula (Martinec
and Vanicek 1994b):
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Table 1. Far-zone terrain effects on gravity (mGal) RAH(Q)
Parameter ~ Minimum  Maximum  Mean Standard / LYy, f)fz dé (18)
value deviation
E=R+H(Q
A —43.993 +290.519 +55.599 +65.062
D*r -1.613 +0.351 -0.056 +0.220 is developed into the spectral form (see Appendix B),
ster -0.266 +0290  —0.005  +0.047 which yields
G nhl
Table 2. Far-zone terrain effects on the geoid (m) 277:_ 0 R Z An 77 v, lpO) ( )
Parameter ~ Minimum Maximum  Mean Standard nhl nh2
value deviation +2H(Q Z Cn ,,,7 v, '100 _|_Zb nv, l// Hz( )
A +12.951 +50.682 +39.949  £6.681
D -0.136 +0.002 -0.073  £0.028 2h2 . H?
s 0014 +0.011 0,002 +0.006 =D Y Y)H Q) + O 2 (19)
per —-0.295 +1.096 +0.053  +0.141 n=0
RHH(Q) Similarly, the Molodenskij spectral apprqach giyes for
r( ) , the second integral in Eq. (17) the following series (see
P —Qo LR, £)E dEdQ Appendix B):
Qo E=R+H(Q
R+H(Q) il
) / 2n— o' |R Z en(W, g ) H, (Q)
= / 2deo  RY.RAQ (17)
Qs E=R+H(Q

The near-zone contribution to the PITerE can also be
computed by a 2-D numerical integration. The far-zone
contribution to the PITerE can then be obtained again
by the spectral approach. In order to obtain the far-zone
contribution to the first integral in Eq. (17), the
integration kernel

nh2 3
SRR >+@(H )] (20)
n=0

The Molodenskij truncation coefficients a,, b,, ¢,, d, and
e, are defined in Appendix B [see Egs. (B14)—(B18)]. The
far-zone primary indirect terrain effect is then the
difference of the series defined by Egs. (19) and (20)
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Pter(Q)
nhl
— 2.9 Qo Rzan W, Yo ) H,y(Q) + 2H(Q)

nhl nh2

chnnx//zp +Zb (1,9, W) H, (Q)
nh2 nhl

_Zd W¢WOH2 Rzenlpwo )
nh2 H3

= el HAQ) + 0(7” YU 2, > 0
n=0

(1)

For our test area and the truncation radius y, = 3°, we
obtain the numerical results shown in Fig. 4. The range
of the values from Eq. (21), including basic statistical
parameters such as the mean and the standard deviation,
can be found in Table 2. It is interesting to note that,
while the far-zone contribution to the DTerE on gravity
is smaller than the near-zone contribution, the corre-
sponding contributions to the PITerE are of comparable
magnitude. This may originate in the fact that the
potential is an inverse function of distance while gravity
is an inverse function of distance squared and tapers off
more quickly. Also, it should be noted that while the
near-zone contribution is always negative, the far-zone
contribution changes sign so that the resulting total
PITE, although still predominantly negative, reaches
positive values in some places. The far-zone contribution
to the PITerE on the geoid is again of a long-wavelength
character.

228° 232 236° 240° 244°

248

A spherical harmonic expression for the PITE on the
geoid up to order H? was derived by Nahavandchi and
Sjoberg [1998, Eq. (24)], which is also intended for the
computation of the global PITE using the full spatial
angle Q. A new formula, compromising between the
local integration and the spherical harmonic expression,
was derived in Sjoberg and Nahavandchi[1998, Eq. (12)].

5 The secondary indirect topographical effect on gravity

For the Stokes—Helmert problem, the spherical form of
the SITE on gravity was formulated in Vanicek et al.
(1999) as a re-scaled value (the scale is equal to 2/R) of the
residual topographical potential evaluated at radius
R+ H; see Eq. (5). Since the difference of the gravita-
tional potential of the spherical topographical shell and
its condensed counterpart is for the mass conservation
condensation equal to zero, the so-called secondary
indirect terrain effect SITerE accounts for the entire SITE
on gravity. The SITerE on gravity (§') can be computed
by the following expression (Vanicek et al. 1999):

S (R + H,Q)
R+H(QY)

:_QO// / PR+ H, W, )& dedoY

Qp ¢=R+H(Q
R+H(QY)

——go/ LY R+ H,,R) / erdedey
E=R+H(Q)
(22)
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The near-zone effect can be computed by a standard 2-D
numerical integration discretizing the corresponding
formulae by the Gaussian quadrature rule. To compute
its far-zone contribution, the integration kernel of the
first integral in Eq. (22), i.e.

R+H(QY)

/ PR+ H O e

E=R+H(Q)

(23)

can be transformed into the spectral form (see Appendix
C), which gives

nhl
anGel, | FH O anwo @
nhl
—2@wao H,(©)

1 nh2

SN >+6<’1§)] 249

Similarly, the second integral in Eq. (22) can be
developed into (see Appendix C)

nhl

47'EGQE) an (Ha ‘//7 lpo)Hn (Q)
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The Molodenskij truncation coefficients p,, ¢,, r, and s,
are also defined in Appendix C [see Egs. (C9)—(C12)].
Subtracting the series of Eqgs. (24) and (25), the far-zone
contribution to the SITerE on gravity reads

S (R+ H,Q)

nhl
:47[th R+H an w l// )
n=0
H(Q) nhl nh2
sz;qnw,wo) Zrn Vo) H (Q)

nhl

— Z su(H W,
n=0

+@(1;’;3>], Vi >y, >0

nh?2

an (H,y, lﬁO)Hz( )
(26)

The far-zone SITerE on gravity S, computed by
Eq. (26) over the test area using the truncation radius of
¥, = 3° is shown in Fig. 5. Corresponding effects on the
geoid, obtained by continuing these values down to the
geoid and applying Stokes’ integration, are shown in Fig.
6. The extreme values for the SITerE on gravity can be
found in Tables 1 and 2, including their basic statistical
parameters. The near and far-zone contributions to the
SITerE are also of comparable magnitude. The same
argument as in the case of the PITerE could be used here.
The values of the SITerE are at the accuracy level required

41 % (L ) HA(Q) + H} (25) in current geoid computations and should still be taken
sn( 0 R2 into the account. The far-zone contribution to the SITerE
= on gravity is also of a long-wavelength character.
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A comparable spherical harmonic expression for the
SITE on gravity up to order H. was again derived by
Nahavandchi and Sjéberg [1998, Eq. (25)].

6 The terrain correction

Clearly, Eq. (11) by itself describes the terrain correction
to gravity used in the evaluation of the refined Bouguer
anomaly and the Fay anomaly (Heiskanen and Moritz
1967). It is thus also worth looking at it alone — in
addition to looking at the difference of Eqgs. (11) and
(12). Figure 7 shows the values of the far-zone
contribution to the terrain correction A' for our test
area. It is very large and again of a long-wavelength
character.

It is of interest to compare the spherical terrain cor-
rection with the standard planar terrain correction used
in practice. Figure 8 shows the difference between the
standard planar terrain correction (TC), and our terrain
correction computed from a spherical model taking into
account the topography from all around the world. The
differences are very significant, but they are predomi-
nantly of a long-wavelength nature. They thus do not
affect the routine geophysical interpretation of the
Bouguer gravity anomalies, which seeks shallow density
anomalies. If deeper-seeded anomalies are of interest,
the spherical terrain correction must be considered.

7 Conclusions

In this contribution, the far-zone spherical terrain effects
both on gravity and the geoid, which originate in the

second Helmert condensation of external topographical
masses, were discussed. These effects are usually deemed
to be too small, and thus often neglected in practical
geoid computations. As a consequence of this belief, the
planar approximation of the terrain is usually deployed
for the evaluation of the terrain effects on gravity and
the geoid. Based on the numerical values obtained in our
computations, we believe that the planar approximation
is not adequate and its use can be responsible for the
long-wavelength errors in the geoid solutions. They can
be directly transformed into the geoidal undulations
through the low-pass filtering in the Stokes integration.
For comparable conclusions see, for example, Sjoberg
and Nahavandchi (1998) and Nahavandchi (2000).

The far-zone spherical terrain effects, due to their
large magnitude, are very important for the evaluation
of the centimetre geoid. The direct and the primary in-
direct terrain effects have the most significant contribu-
tion to the geoid. The far-zone direct terrain effect can
easily reach values on the decimetre level (see Table 2).
The far-zone primary indirect terrain effect has the
largest contribution on the metre level but its average
magnitude is significantly smaller (again see Table 2).
The far-zone secondary indirect terrain effect, although
the smallest of all the terrain effects, should still be taken
into the account for the evaluation of the centimetre
geoid although its magnitude is the smallest of all the
far-terrain effects we introduced in this contribution.

Animportant finding is represented by the values of the
far-zone spherical terrain correction. For applications
where the compensation is not required (such as the der-
ivation of the refined Bouguer anomalies in geophysical
applications), the difference between the planar and the



228’ 232" 236° 240° 244 248’ 256"
=
b4 {'3 : v
o o
58° 58"
g a0
56" 3 56
)
54° 54°
% . g
EQ%
52’ 50"
Jm né "G
%
50° B 50°
5
o
48’ 48"
i 3 A ) & 2
46 i s < "E. 46
| B
/ ‘e
" ! ) | 4 "
44 .:I e _ 44
—_:L__'r¢_1
228" 232" 236" 240° 2447 248" 2527 256"
200 T T T T T T T
150 Spherical TC b
T
O]
£
o 100 4
|_.
®
RS
)
Ny
o
73]
2]
Z 50F 4
©
C
]
o
Planar TC
0 -
_50 1 1 1 1 1 1 |
232 233 234 235 236 237 238 239 240

Geographical Longitude [arcdegree]

spherical model can be very significant (see Fig. 8). In
Fig. 8, the total terrain correction to gravity along the
selected parallel across the Coastal Mountains in western
Canada, computed using the planar and the spherical
terrain model, is shown. It is the far-zone effect (clearly
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Fig. 7. Far-zone terrain correc-

tion to gravity 4' (mGal)

Fig. 8. Spherical vs planar
terrain correction to gravity

(mGal)

missing in the planar model) which distinguishes the
planar and the spherical values. Therefore we should keep
in mind the fact that the use of the planar and the spherical
model of the topography may have serious consequences
if applied in specific applications.
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The topographical effects are the most important
corrections to both gravity and the geoid. They repre-
sent, together with accuracy and density of observed
gravity data, one of the most serious limits on higher
accuracy of the gravimetric geoid today. Their correct
evaluation depends on the correct knowledge of input
data (topographical heights and the mass density of the
topography), and sufficiently accurate modelling of the
topographical masses. The knowledge of the global to-
pography will greatly improve in the near future due to
the latest Shuttle Radar Topography Mission, which
used an advanced radar technique to obtain data for
production of the most precise, near-global topograph-
ical map ever (nearly 80% of the Earth’s landmass), and
which will leave us with the incomplete knowledge of the
topographical mass density distribution as the major
problem in the topographical reduction of gravity data.
The formulation of the terrain effects based on the
spherical rather than the planar approximation, which
allows us to account for the low-frequency effects of the
far-zone terrain on both gravity and the geoid, repre-
sents then the major contribution of the presented
research. When combined with the corresponding high-
frequency effects computed by a 2-D integration over
the near-zone terrain, proper values of topographical
effects can be obtained.

Appendix A

Truncation coefficients for DTerE

In this appendix, the truncation coefficients for the
direct terrain effect on gravity are derived. The integra-

tion kernel of Eq. (10) is developed in its general form as
follows (Gradshteyn and Ryzhik 1980):

_/g
= [(& + 31*) cosyy + ré(1 — 6cos* )| L7 (r, 4, &)

+r(3cos’y — 1) In|é — recosyy + L(r, 4, &) (A1)

[see Eq. (8)] can be devel-

lﬁé«fdé

The Newtonian kernel £ !
oped into a binomial series

1y, )

1 —cosy
(A2)
where the following substitution is used:
n:ézl-l-(:, i.e.§:§—1 (A3)
r r

The parameter r is equal to R+ H(Q), and the
parameter ¢ is equal either to R+ H(Q) or to

R+ H(Q'). The truncation of the binomial series in
Eq. (A2) after the quadratic term is fully justified for the
range of values of y and { used in our computations, i.e.
for y >y, =3°, and for |{| < 0.0015 (for maximum
topographical height of 9 km), which yield

4

Similarly, the inverse of the Newtonian kernel, i.e. %,
can be developed as follows:

{ C1+cosy 3
<1+5 8ﬁ>+@(z)

ol—

L (r,&) =r(2—2cosy)
(A5)

Using the substitutions of Egs. (A2) and (AS),
the integration kernel of Eq. (Al) can be written as
follows:

r(3+'72)0051ﬁ+77(1—600521//) 1 +4cosy — 6cos” Y
(1+ 12— 2ncosy): (2—2c0s9)
T r(3oosty — 1)In[t oSy (0 2ncosw>|
1 —cosyy + (2 — 2cos )’
(A6)

Ol—

The logarithmic function in Eq. (A6) can further be
expanded into the Taylor series which, following the
above reasoning can also be truncated after the qua-
dratic term

n—costﬁ+(1+n2—2ncosw)%

In 1
1 —cosyy+ (2 —2cosy)?
C+ (2 - 2008 YR (5+ 5 )

1—cos$+(2—2cosn//)%

e+ @—2eosp) (S5 )]
2 1 +0(8)
2 1 —cosyy+ (2 —2cosy)?

(A7)

Substituting the expression in Eq. (A7) into Eq. (A6),
the integration kernel of Eq. (A1) can subsequently be
developed into the form

/J (r,6)

y 3—10cosy +3cos?y —2(3cosyy — 1)(2 —2cosy)
(2—2COSI//)%|:1 —cosy + (2—20051&)%}2
+0(2)

5t —2cosy) T

ol—

(A8)



which, after substitutions for the actual integration
limits, ie. =R+ H(Q) and ¢ =R+ H(Q'), can be
written as follows:

/ 2 (0, ) de
é RiH(@©@ r=R+H(Q)
= [H(®) ~ H@LH ) + 7
/ 2., " ’
<) = HOP ) + 0| (89)

The integration kernel 'y in Eq. (A9) is of the

following form:

o=

() = _ 1(2—2cosy)

4 1—cosy (A10)

and the integration kernel .#", reads
A (Y)
1 3—10cosy +3cos? iy —2(3cosyy — 1)(2 — 2cos h)?
8 1 172
(2—2cosy)? 1—cos¢+(2—2005¢)2}
(A1)

The integration kernel of the second integral in Eq. (7)
can simply be written

R+H(QY) 5
2.9 1
/ Edes 97 (r R

E=R+H(Q)

r=R+H(Q)

— R {H(Q') )+ QT = Hz(Q)}

H3
/(R,lﬁ,R—l—H)—l—(ﬁ[ﬁ} (A12)

with the function # defined as the radial derivative of
the Newtonian kernel #~! (Heiskanen and Moritz 1967,
Sect. 1.16)

R(cosyy — 1) —
L3Ry, R+H)

JRY,R+H) = (A13)

The truncation coefficients, used in Egs. (11) and (12),
can finally be estimated by the 1-D integration over the
spherical distance

- | oo

V=,

> (cos ) — 1] sinyy dy,

VYn=0,...,nhl (Al14)
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n

un(0s) = / A5 () Py(cos ) sin

U=y,
Vn=0,...,nhl (A15)
0a(0 ) = / A>()[Pa(cos ) + 1] siny dy,
U=y,
Vn=0,...,nh2 (A16)
W) = R / SRy R+ H)[P,(cosy) — simpdyp,
U=,
Yn>0 (A17)
Appendix B

Truncation coefficients for PITerE

In this appendix, the truncation coefficients for the
primary indirect terrain effect on the geoid are derived.
The integration kernel of Eq. (18) can be derived as a
primitive function of the Newtonian kernel %!
(Gradshteyn and Ryzhik 1980)

/g

r_
32

rp, E)EdE = (5+3rcos¢)$(r,lp,§)

(3cos>y — 1) In|é — rcosyy + L(r,, &) + C
(BI)

where C stands for the integration constant. Introducing
the following two unitless parameters:

_RAHOQ) (B2)
R
n/=%@=l+é’ (B3)

and using the substitutions from the previous section, we
obtain
R+H(QY)

| oz
E=R+H(Q)

R? 1
27(17'4-30051//)(1 +12 =21 cosy)?
' —cosy+ (1 —&-11’2—211’0051#)%

n—cosy+(1 +112—211cosw)%

RZ
+7(3coszxﬁ—1)ln

2

—%(n+3cos¢)(l +17° —2ncosy)

l—

(B4)
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The first and third expressions on the right-hand side of
Eq. (B4) can be developed using
(' +3cosy)(1+n?—2 4y cos w)%

~ (140 +3cos)(2 — 2cos i)}

¢ (?1+cosy /3
X <1+§+§m> +0(07)
(n+3cosy)(1 +n* — 2ncos¢)%

~ (1 —|—§+3cos¢)(2—2cosxp)%

2
X <1 +£+€—1+COS¢> +0(0)

2 81—cosy (B6)

and the logarithmic function can be expanded as follows
[cf. Eq. (A7)]

W —cosy + (1412 — 2 cosy)?
n—cosy+ (1+n>— 2ncos¢)%
U+ @ 2oy (G4 S ey

n—cosyy + (1 +n*>— 2ncosx//)%

/e 2 2
I F—H(z—zcosw(%—i —rzzzi)]

In

2 n—cosw+(1+n2—2ncosw)%

+0(2) (B7)

The expressions in Egs. (B5)-(B7) can be further
simplified using elementary algebraic operations. Their
substitution into Eq. (B4) yields the integration kernel
of Eq. (B1) in the following form:

R+H(QY)

L, &)E de
E=R+H(Q)

: 1 2 ,
:%(C' — 2= 2cos (1 +cos§) + ({2 = )

8
(3cos? iy — 1)(1 + cos )
(2—2cosx//)% n—cosy + (1+n2 —211cosnp)%

X

R - 0Besy -1
3—cosyy+2(2—2cosy)
n—cosy + (1+n2 72ncosw)%

Ol—

x )

R2
+5 (= OBcos’y —1)
2+(2—2cosn//)%
n—costyy + (1 +n*>—2ncosy)
2 2
+R*(CIZ* 2, 3+ 3cos xpl+(9(c3)
(2 —2cosy)?

X

ol—

) (B3)

Substituting for the actual integration limits, Eq. (B8)
can be developed into the following form which can be
used for practical computations:

R+H(QY)
L7y, 6)E de
E=R+H(Q)
= RIH(Q) — HQ)|#1(n, )

+ [HX(Q) — HA(Q)] #2(n,¥)
3
-t - @l o[ e
where the integration kernels read
o) = 32~ 2eosp)(1 + cosy)
(3cos?y — 1) [2 + (2 —2cos ‘p)ﬂ
_l’_
41n—cosyy + (1 +n* - 2ncosw)ﬂ
(B10)
2
sl ) = T3S
8(2 —2cos)?
N (3cos>y — 1)(1 + cos )
8(2 — 2cos x//)% [17 —cosyy + (1 +n* — 25 cos tp)ﬂ
(B11)
%3(7]7 lp)
(3cos?y — 1) {3 —cosy +2(2 — 2cos w)ﬂ
- (B12)

ol

:| 2
The integration kernel of the second integral in Eq. (17)

is simply developed into another series truncated after
the quadratic term

8{n—cosx/1+(1+n2—2ncos¢)

R+H(QY)
2R .R) / 2de
E=RIH(Q)

= R [H(Q’) _H@)+2 (@) - HZ(Q)}

" 3] (B13)

X gl(R,l%R)-i-(ﬁ[?

Finally, the truncation coefficients in Egs. (19) and (20)
can again be evaluated by the 1-D integration over the
spherical distance

a0 s o) = / H1(1. ) [Pa(cos ) — 1] sin g dy,
v=y,

Vn=0,....,nh1 (Bl4)



T

b, o by) = / A2 (1,0 [Balcos ) — 1] siny dy,

v=y,
VYn=0,...,nh2 (B15)
eali ¥ o) = / (1, )y (cos ) sin  dp,
v=y,
Vn=0,...,nhl (B16)
() = [ AP cos) + 1]sinydy.
=y,
Vn=0,...,.nh2 (Bl7)
() =R [ &R YR P (cos) ~ 1sin i dy.
b=y,
V>0 (BIS)
The parameter 7 is equal to
p— 1418 (B19)

R

In practice, the coefficients of Egs. (B14)~(B18) are
evaluated in the form of tables for the selected reference
heights. During computations, the heights of computa-
tion points are used to find the appropriate kernel values
using some of available interpolation techniques (e.g.
Lagrange’s interpolation).

Appendix C
Truncation coefficients for SITerE

Let the parameter # now be defined as follows:

R+H(Q) R+H 7
R+H(Q) R+H r
and the parameter { as
¥—r H —-H
(= =n-1 (C2)

r  R+H

The integration kernel of Eq. (23) can be formulated for
the specified integration limits as

R+H(QY)
[ 2wz

(=R+H(Q)
r? o7
3(174-3005(&)( +n? —2ncos)? + 3(3005 1)
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0 —cosy + (1 + 12 — 2ncos)?

x In ;
1 —cosy+ (2 —2cosy)?

_é(l +3cosy)(2 —2cosy)

ol—

(C3)

Deploying the power series expansion of the logarithmic
function, cf. Eq. (A7), and performing all algebraic
operations, we obtain

R+H(QY)

/ &, ) de
fR+H

:fc 2+ (2—2cos ) +3—r252

2 1—costﬁ+(2—2cosw)% 4
3—4cos¢+cos U +2(1 —cosy)(2 — 2cosw)

(2—20081//) 1l —cosy+(2— 2cos¢)}
+0(8)

ol—

(C4)

After substitutions for the actual integration limits,
Eq. (C4) can be developed into the following form:

R+H(QY)
LN R+H, Y, O)& d¢
E=R+H(Q)
=[H(Q)— (¥) 4
3

T [H(Q) — HQ) () dg’+@[Rﬁ H] (C5)

H(Q)|[R + H(Q)) 4

where the corresponding integration kernels are

2+(2—2cos1p)%

Y -
W) 2[1 —cosy + (2—20051&)%]

(Co)

9— 12cos +3cosy +6(1 —cosy) (2 — 2cos )}
42— 2cos¢)% [1 —cosy+(2 —ZCOSK//)%] ’
(€7)

M ()=

The integration kernel in the second integral of Eq. (22)
is simply developed into the form

R+H(Q)

VR YR+ H) / 2d¢

E=R+H(Q)

=R [H(Q’) —H(Q) +

H(Q) —HZ(Q)}
R

x L YR+ H,y,R) +(9[H—T (C8)
s R

Finally, the truncation coefficients in Egs. (24) and (25)
can be estimated by the 1-D integration over the
spherical distance
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2 hy) = / () [Py(cos ) — 1]siny dy,

U=y,
Vn=0,.. . nhl (C9)
an(s o) = / M>(9)Py(cos ) sin dp,
U=y,
Vn=0,...,nhl (ClO)
) = / M9 [Pa(cos ) + 1] sin dp,
U=y,
Vn=0,....nh2  (CIl)

So(H U Yo) = R / 2R+ H, . R)[Py(cos ) — 1]
U=y,

xsinydy, Vn>0 (C12)
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